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For a C∞ stable map ϕ :M → S2 of a closed and connected surface M into the sphere,
let c(ϕ), i(ϕ) and n(ϕ) denote the numbers of cusps, fold curves components and nodes
respectively. In this paper, in a given homotopy class, we will determine the minimal pair
(i, c + n) with respect to the lexicographic order.
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1. Introduction
Let M be a closed and connected surface, and N be a connected surface. Let ϕ :M → N be a C∞ map. Deﬁne the set of
singular points of ϕ as
S(ϕ) = {p ∈ M | rank dϕp < 2}.
We call ϕ(S(ϕ)) the apparent contour (or contour for short) of ϕ and denote it by γ (ϕ). When S(ϕ) consists of one compo-
nent, then γ (ϕ) is said to be irreducible.
A C∞ map ϕ :M → N is said to be stable if it satisﬁes the following two properties.
(1) For each p ∈ M , the map germ at p ∈ M is C∞ right–left equivalent to one of the map germs at 0 ∈R2 below:
(a, x) → (a, x): a regular point,
(a, x) → (a, x2): a fold point,
(a, x) → (a, x3 + ax): a cusp point.
Hence, S(ϕ) is a ﬁnite disjoint union of circles.
(2) For each q ∈ γ (ϕ), the map germ (ϕ|S(ϕ),ϕ−1(q) ∩ S(ϕ)) is right–left equivalent to one of the three multi-germs as
depicted in Fig. 1.
* Corresponding author.
E-mail address: yama.t@ip.kyusan-u.ac.jp (T. Yamamoto).0166-8641/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2009.06.010
A. Kamenosono, T. Yamamoto / Topology and its Applications 156 (2009) 2390–2405 2391Fig. 1. The multi-germs of ϕ|S(ϕ) .
Fig. 2. The apparent contours of degree one stable maps T 2 → S2.
According to a classical result of Whitney [12], the set of stable maps forms an open and dense subset in the space of all
C∞ maps M → N . Thus, for each homotopy class of a C∞ map M → N , there is a stable map.
When ϕ is stable, S(ϕ) is called the fold curve of ϕ , and the numbers of cusps, fold curves components and nodes
on γ (ϕ) are denoted by c(ϕ), i(ϕ) and n(ϕ) respectively. A stable map which has no cusp is called a fold map.
An oriented closed surface (or a non-orientable closed surface) of genus g , that is a connected sum of g copies of the
2-dimensional torus T 2 (respectively g copies of the real projective plane RP2) is denoted by Σg (respectively F g ). The
2-dimensional sphere (or the plane) is denoted by S2 (respectively R2).
Pignoni [7] introduced the notion of a minimal contour of a C∞ map M → N: Let ϕ0 :M → N be a C∞ map and
ϕ :M → N be a stable map which is homotopic to ϕ0 and whose contour is irreducible. Call γ (ϕ) a minimal contour
of γ (ϕ0) if c + n for γ (ϕ) is the smallest among the contours of stable maps which are homotopic to ϕ0 and whose
contours are irreducible. Then, he obtained the following theorem.
Theorem 1.1. (Pignoni [7]) Let f :M →R2 be a C∞ map. Then, the number c+n for a minimal contour of f is one of the items below:
c + n =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
g + 2 if M is orientable and g is even,
g + 3 if M is orientable and g is odd,
(g + 4)/2 if M is non-orientable, g is even and g/2 is even,
(g + 6)/2 if M is non-orientable, g is even and g/2 is odd,
(g + 7)/2 if M is non-orientable and g is odd.
Note that by a result of Èlias˘hberg [2], for each C∞ map M → N , there is a stable map M → N which is homotopic to
the C∞ map M → N and whose contour is irreducible if N is an orientable surface without a boundary component. Note
that each stable map f :M → S2 has a singular point unless M = S2.
Later, Demoto [1] studied a minimal contour of a C∞ map S2 → S2 and obtained the following theorem.
Theorem 1.2. (Demoto [1]) Let f : S2 → S2 be a C∞ map with degree d  2. A minimal contour of f has exactly 2d cusps and no
node.
Then, the ﬁrst author [3] studied minimal contours of C∞ maps Σg → S2. For a C∞ map T 2 → S2 of degree one, he
proved that there are two right–left equivalence classes of stable maps whose contours are minimal. One has four nodes and
no cusps (Fig. 2(a)); the other has no nodes and four cusps (Fig. 2(b)). He also estimated the upper bound of the number
c + n for a minimal contour of a C∞ map Σg → S2.
In this paper, we prove that the estimation of the ﬁrst author [3] is the best estimation (Theorem 1.3). We generalize the
Pignoni’s formula in [7] to the case of stable maps M → S2 (Proposition 2.4). A minimal contour of a C∞ map F g → S2 is
also studied (Theorem 1.5).
Recall that by virtue of a result of Hopf (for example, see [5]), two C∞ maps Σg → S2 (or F g → S2) are homotopic if
and only if their degrees (respectively modulo two degrees) coincide. Thus, the homotopy class of a stable map Σg → S2
(or F g → S2) of degree d (respectively modulo two degree d2) is determined by the pair (d, g) (respectively (d2, g)).
The main theorem of this paper is the following.
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contour of f is one of the items below:
(c,n) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(2(d − 1),4) or (2d + 2,0) if d = 0 and g = 1,
(2,4) or (6,0) if (d, g) = (1,2),
(2(d − g),2g + 2) if d g > 1,
(0,d + g + 2) if d g and d ≡ g (mod 2) except (d, g) = (1,1),
(2,d + g + 1) if d g and d ≡ g (mod 2) except (d, g) = (1,2).
Theorem 1.3 shows the following corollary.
Corollary 1.4. Let d 0, g  1 and f :Σg → S2 be a degree d C∞ map whose contour is irreducible. Then:
(1) The number c + n for a minimal contour of f is one of the items below:
c + n =
{2d + 2 if d g,
d + g + 2 if d g and d ≡ g (mod 2),
d + g + 3 if d < g and d ≡ g (mod 2).
(2) The number c + n of a minimal contour of f is an even number. In particular, the number of nodes is also an even number.
Note that by a classical result of Thom [10], the number of cusps of a stable map Σg → Σh is an even number. Remark
that for each g , there is a stable map Σg → S2 whose contour is irreducible and has an odd number of nodes (for example,
see Fig. 2(c)).
The following theorem is also the main result of this paper.
Theorem 1.5. Let h : F g → S2 (g  1) be a modulo two degree d2 C∞ map. Then, the pair (c,n) for a minimal contour of h is one of
the items below:
(c,n) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
(3,0) if (d2, g) = (1,1),
(4,0) or (0,4) if (d2, g) = (1,2),
(1, (g + 5)/2) if d2 = 1 and g is odd except (d2, g) = (1,1),
(0, (g + 6)/2) if d2 = 1 and g is even except (d2, g) = (1,2),
(3, (g + 1)/2) if d2 = 0 and g is odd,
(0, (g + 4)/2) if d2 = 0, g is even, and g/2 is even,
(2, (g + 2)/2) if d2 = 0, g is even, and g/2 is odd.
Theorem 1.5 shows the following corollary.
Corollary 1.6. Let h : F g → S2 (g  1) be a modulo two degree d2 C∞ map. The number c +n for a minimal contour of h is one of the
items below:
c + n =
⎧⎪⎨⎪⎩
3 if (g,d2) = (1,1),
(g + 7)/2 if g is odd except (d2, g) = (1,1),
(g + 4)/2 if g is even, g/2 is even, and d2 = 0,
(g + 6)/2 otherwise.
This paper is organized as follows: In Section 2, we give some deﬁnitions concerning stable maps M → S2 of surfaces.
The key formula of this paper (Proposition 2.4) is proved. The shape of the contour of a stable map M → S2 is also studied.
In Section 3, we prepare some stable maps M → S2 which we employ the following sections. In Section 4, Theorems 1.3
and 1.5 are proved. In Section 5, the number of cusps of a stable map M → S2 is studied. In Section 6, the geography of the
number c + n for the contour of a stable map M → S2 whose contour is irreducible is studied. In Section 7, we pose some
questions which concern a minimal contour of a C∞ map between surfaces.
Throughout this paper, all surfaces are connected and of class C∞ , and all maps are of class C∞ . The symbols deg
and deg2 denote the mapping degree and the modulo two mapping degree respectively. For a manifold P , the symbol ∂ P
denotes the boundary of P . For a topological space X , the symbol χ(X) denotes the Euler characteristic of X .
2. Preparation
In the following, we introduce some notions concerning the apparent contour of a stable map M → S2 of a closed
surface M .
Let M be a closed surface and ϕ :M → S2 a stable map whose contour is non-empty. Let S(ϕ) = S1 ∪ · · · ∪ S be the
decomposition of S(ϕ) into the connected components and set γi = ϕ(Si) (i = 1, . . . , ). Note that γ (ϕ) = γ1 ∪ · · · ∪ γ . Let
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m(ϕ) be the smallest number of elements in the set ϕ−1(y), where y ∈ S2 runs over all regular values of ϕ . Fix a regular
value ∞ such that ϕ−1(∞) consists of m(ϕ) points. For each γi , denote by Ui the component of S2 \ γi which contains ∞.
Note that ∂Ui ⊂ γi .
Orient γi so that at each fold point image, the surface is “folded to the left”. More precisely, for a point y ∈ γi which is
not a cusp or a node, choose a normal vector v of γi at y such that ϕ−1(y′) contains more elements than ϕ−1(y), where
y′ is a regular value of ϕ close to y in the direction of v . Let τ be a tangent vector of γi at y with respect to the above
orientation of γi . Then, orient S2 by the ordered pair (τ , v). It is easy to see that this gives a well-deﬁned orientation of S2.
Deﬁnition 2.1. A point y ∈ ∂Ui \ {cusps,nodes} is said to be positive if the normal orientation v at y points toward Ui .
Otherwise, it is said to be negative.
A component γi is said to be positive if all points of ∂Ui \ {cusps,nodes} are positive; otherwise, γi is said to be negative.
The numbers of positive and negative components are denoted by i+ and i− respectively. Note that there is at least one
negative component unless S( f ) = ∅.
Deﬁnition 2.2. A point y ∈ ∂Ui \ {cusps,nodes} is called an admissible starting point if
(1) y is a positive point of a positive component γi , or
(2) y is a negative point of a negative component γi .
Note that for each i, there always exists an admissible starting point on γi .
Deﬁnition 2.3. Let y ∈ γi be an admissible starting point and Q ∈ γi is a node. Let α : [0,1] → γi be a parameterization
consistent with the orientation which is singular only when the image is a cusp such that α−1(y) = {0,1}. Then, there are
two numbers 0 < t1 < t2 < 1 satisfying α(t1) = α(t2) = Q .
We say that Q is positive if the orientation of S2 at Q deﬁned by the ordered pair (α′(t1),α′(t2)) coincides with that
of S2 at Q ; negative, otherwise. See Fig. 3 for details.
The numbers of positive and negative nodes on γi are denoted by N
+
i and N
−
i respectively. The deﬁnition of a pos-
itive (or negative) node on γi depends on the choice of an admissible starting point y. However, it is known that
the algebraic number N+i − N−i does not depend on the choice of y, see [11] for details. Thus, the algebraic number
N+ − N− =∑ki=1(N+i − N−i ) is well deﬁned. Note that nodes arising from γi ∩ γ j (i = j) play no role in the computation.
Thus, we obtain the following formula as an easy application of Pignoni’s one [7].
Proposition 2.4. For a stable map ϕ :M → S2 of a closed surface of genus g, we have
g = ε(M)
[
(N+ − N−) + c(ϕ)
2
+ (1+ i+ − i−) −m(ϕ)
]
(2.1)
where ε(M) is equal to 1 if M is orientable and 2 otherwise.
Proof. Remove a small disk neighborhood D∞ of ∞. The number of connected components of ϕ−1(D∞) is m(ϕ):
χ(M \ ϕ−1(D∞)) = χ(M) − m(ϕ). The set ∂(M \ ϕ−1(D∞)) consists of a disjoint union of m(ϕ) circles μ1 ∪ · · · ∪ μm(ϕ) .
Consider i ◦ ϕ|M\ϕ−1(D ) :M \ ϕ−1(D∞) → S2 \ D∞ ↪→ R2 where i : S2 \ D∞ → R2 is the embedding. By perturbing∞
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S(ϕ˜) ∩ ∂(M \ ϕ−1(D∞)) = ∅. Then, identify γ (ϕ˜) with γ (ϕ).
To compute χ(M \ ϕ−1(D∞)), apply a result of Levine [4]: For a compact surface with boundary P and a stable map
φ : P →R2 satisfying S(φ) ∩ ∂ P = ∅, we have
χ(P ) =
k∑
i=1
τ (γi) + 12
l∑
j=1
τ (e j),
where γi and e j denote the irreducible component of γ (φ) and the irreducible component of φ(∂ P ) respectively, and τ (γi)
and τ (e j) denote the double tangent turning number of γi and e j respectively. Each γi is given canonically orientation.
Orient e j by leaving the surface to our left. For an oriented closed curve α, the double tangent turning number τ (α) is
deﬁned as the degree of the map α →RP1 assigning to each point on the curve its tangent line. This map is also deﬁned at
cusp points. If the curve α has no cusps, then τ (α) = 2σ(α) where σ(α) denotes the normal degree of α. To compute τ (α),
apply a result of Quine [9]: For a closed plane curve α, we have
τ (α) = 2η(α) + 2n+ − 2n− + c+ − c−,
where η(α) = ±1 is deﬁned by according to the orientation of the curve α, c+ (or c−) denotes the number of positive
(respectively negative) cusps of α, and n+ (or n−) the number of positive (respectively negative) nodes of α, see [9] for
details. Comparing the deﬁnitions of the items in the Quine’s formula with the ones introduced in this paper, we see:
(a) the sign of the double points is the opposite of that deﬁned by Quine; (b) when the contour is endowed with its
canonical orientation, each cusp is negative. Thus,
τ (γi) = 2η(γi) + 2N−i − 2N+i − ci,
where ci denotes the number of cusps of γi . η(γi) = +1 if and only if γi is negative.
k∑
i=1
τ (γi) = 2i− − 2i+ + 2N− − 2N+ − c(ϕ).
Each ϕ(μ j) is simple closed curve: τ (ϕ(μ j)) = 2. Hence,
χ(M) −m(ϕ) = χ(M \ ϕ−1(U∞))= 2i− − 2i+ + 2N− − 2N+ − c +m(ϕ).
Then, the result follows immediately. 
The formula in Proposition 2.4 does not depend on the choice of ∞.
In the following, we study the shape of the apparent contour of a stable map whose contour is irreducible.
Lemma 2.5. If γ (ϕ) has a node, then it has a negative node.
Proof. Let us go along γ (ϕ) starting from an admissible starting point y, following the canonical orientation of γ (ϕ). When
we pass through a positive node on γ (ϕ) for the ﬁrst time, the number of points in the inverse-image decreases by two,
see Fig. 3 for details. This is a contradiction. 
In the following of this section, assume that the contour of a stable map ϕ :M → S2 is irreducible and has only one
negative node p0. Fix an admissible starting point y ∈ γ (ϕ) and denote by U the component of S2 \γ (ϕ) which contains ∞.
Lemma 2.6. The contour γ (ϕ) consists of two loops starting and ending at p0 . The two loops do not intersect except p0 .
Proof. There are two ways connecting four edges which are adjacent to p0. One is connecting each bottoms and each tops.
The other is connecting each diagonal nodes. The contour obtained by second way is not irreducible. Thus, γ (ϕ) is obtained
by the ﬁrst way.
By Lemma 2.5, p0 ∈ ∂U . We show p0 is only one node in ∂U . Suppose ∂U contains more than one node. Denote by
q ∈ ∂U the ﬁrst node that we meet, running along γ (ϕ) starting from y and passing p0. Note that q is a positive node. By
the assumption that γ (ϕ) is irreducible, there must be another node q˜ in ∂U . The node q˜ is a negative node. The point q˜ is
not p0, and q. It is contradiction. 
For each positive node p ∈ γ (ϕ), denote by Cp the full loop starting and ending at p described as we run along the
contour once, starting from y and following the canonical orientation of γ (ϕ). Note that for each p, such loop is unique
because γ (ϕ) is irreducible.
A. Kamenosono, T. Yamamoto / Topology and its Applications 156 (2009) 2390–2405 2395Fig. 4. The apparent contour of fd,g :Σg → S2 where d g and d ≡ g (mod 2).
Lemma 2.7. The loop Cp contains no node except p.
Proof. Let p0, p1, . . . , pk ∈ γ (ϕ) be nodes. They are indexed according to their order of appearance as we run along γ (ϕ).
The point p0 is the negative node, and the others are positive nodes. Denote by C1, . . . ,Ck the loops associated to p1, . . . , pk .
Remark that
(1) If we cross p1 for the ﬁrst time, we lose two points in the inverse-image of ϕ . This means that for each point in the
region lying “to our left” as we run along C1, the number of inverse-image of ϕ is equal to m(ϕ) + 2, at least until we
meet the next node.
(2) Denote by q ∈ C1 the next node we meet after we cross p1 for the ﬁrst time. Note that q = p0 because before the
second time we meet p0, we have to pass through y, but y /∈ C1, and because just before the second time we cross p0,
the number of inverse-image of a point immediately to our left must be m(ϕ) + 4.
(3) If q = p1, q = p2 or . . . or pk . Then, there is a region which adjacent to q such that for each point in the region, the
number of inverse-image is equal to m(ϕ) − 2. It is contradiction. Thus, q = p1.
Thus, the only node in the closure of C1 is p1.
Suppose we have established the lemma for the nodes p1, . . . , ps . We prove it for ps+1. In the ﬁrst place, Cs+1 does
not intersect each of p1, . . . , ps . By induction, we can generalize (1) to Cs+1. This show that Cs+1 does not contain each of
p0, ps+2, . . . , pk for the same reasons that have already discussed in (2) and (3). 
3. Stable maps M→ S2
In this section, we introduce some stable maps M → S2 which we employ in the following sections.
3.1. Stable maps Σg → S2
Lemma 3.1. For each integer d 1, there is a degree d stable map fd,d :Σd → S2 whose contour is in Fig. 4 with  = 2d + 2.
Proof. The stable map f1,1 : T 2 → S2 whose contour is Fig. 2(a) is obtained by the following way (Fig. 5). Put S2i = S2
(i = 1,2,3). The map t1 : S21  S22  S23 → S2 is deﬁned by t1|S21 = t1|S22 = idS2 and t1|S23 is the antipodal map of S
2. By taking
the connected sum of the three spheres, we obtain a stable map t′1 : S2 → S2. Then, by attaching a handle to t′1, we obtain
the desired stable map f1,1 : T 2 → S2.
The stable map f2,2 :Σ2 → S2 is constructed by the following way (Fig. 6). The map t2 : T 2  S2 → S2 is deﬁned by
t2|T 2 = f1,1 and t2|S2 = idS2 . The map t2 is a stable map of degree two. By taking connected sum of T 2 and S2, we obtain
a degree two stable map t′2 : T 2 → S2. By attaching a handle to t′2, we obtain the desired stable map f2,2 :Σ2 → S2. This
can be applied to construct the stable maps fd,d . 
Then, by attaching pairs of handles to fd,d inductively, we obtain a degree d stable map fd,g :Σg → S2 with m( fd,g) = d
whose contour is in Fig. 4 with  = d + g + 2 for each pair (d, g) satisfying 1  d  g and d ≡ g (mod 2). The contour
γ ( fd,g) is irreducible and has one negative node, d + g + 1 positive nodes and no cusps: c + n = d + g + 2. Fig. 7 shows
the procedure of the stable map fd,d+2. Note that in the left-hand side of Fig. 7, a handle is attached vertically; in the
right-hand side, a handle is attached horizontally.
Then, by attaching one handle to the stable map fd,g horizontally, we obtain a degree d stable map fd,g+1 :Σg+1 → S2
with m( fd,g+1) = d (Fig. 8) for each pair (d, g) satisfying 1 d g and d ≡ g (mod 2). The contour γ ( fd,g+1) is irreducible
and has one negative node, d + g + 1 positive nodes and two cusps: c + n = d + g + 4.
A stable map T 2 → S2 whose contour is in Fig. 2(b) is constructed by attaching a handle horizontally to the source S2
of the identity map S2 → S2.
Note that by attaching a handle horizontally to a stable map T 2 → S2 whose contours is in Fig. 2(b), we obtain a degree
one stable map Σ2 → S2 whose contour is irreducible. The contour of the stable map has no node and six cusps.
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Fig. 6. The construction of the stable map f2,2 :Σ2 → S2.
Fig. 7. The apparent contour of fd,d+2 :Σd+2 → S2.
For each g  1, by attaching covers to f g,g inductively, we obtain a degree d stable map fd,g :Σg → S2 with m( fd,g) = d
(Fig. 9) where d  g . The contour γ ( fd,g) is irreducible and has one negative node, 2g + 1 positive nodes and 2(d − g)
cusps: c + n = 2d + 2.
Note that by attaching covers to the stable map T 2 → S2 whose contour is in Fig. 2(b) inductively, we obtain a degree
d 1 stable map T 2 → S2 whose contour is irreducible. The contour of the stable map has no node and 2d + 2 cusps.
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Fig. 9. The construction of the stable map f g+1,g :Σg → S2.
Fig. 10. The apparent contours of degree zero stable maps T 2 → S2.
On the other hand, for each g  1, Pignoni [7] constructed a stable map pg :Σg → R2 whose contour is minimal,
see Theorem 1.1. Then, deﬁne f0,g :Σg → S2 by f0,g = ι ◦ pg where ι denotes the inclusion ι :R2 ↪→ R2 ∪ {∞} = S2. The
map f0,g is a degree zero stable map whose contour is irreducible with m( f0,g) = 0. When g is odd, then γ ( f0,g) has one
negative node, g positive nodes and two cusps: c + n = g + 3. When g is even, then γ ( f0,g) has one negative node, g + 1
positive nodes and no cusps: c + n = g + 2.
Therefore, we obtain the following stable maps.
Proposition 3.2. For each g  1 and each d  0, there is a degree d stable map Σg → S2 whose contour is irreducible such that the
pair (c,n) for the contour is one of the items below:
(c,n) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(2(d − 1),4) or (2d + 2,0) if d = 0 and g = 1,
(2,4) or (6,0) if (d, g) = (1,2),
(2(d − g),2+ 2g) if d g > 1,
(0,d + g + 2) if d g and d ≡ g (mod 2) except (d, g) = (1,1),
(2,d + g + 1) if d g and d ≡ g (mod 2) except (d, g) = (1,2).
On the other hand, stable maps Σg → S2 whose contours are in Figs. 2(c), 10(b) and (c), and 11(b) are constructed as
well as the case of h1,1 respectively (see Section 3.2 for details). The stable map Σ2 → S2 whose contour is in Fig. 11(c) is
also obtained by attaching a handle to the stable map T 2 → S2 whose contour is in Fig. 10(a). By attaching a cover to the
degree zero stable map f0,1 : T 2 → S2, we obtain a degree one stable map T 2 → S2 whose contour is Fig. 2(d).
3.2. Stable maps F g → S2
Lemma 3.3. There aremodulo two degree one stable maps h1,1,h1,1 :RP2 → S2 whose contours are in Figs. 12(a) and (b) respectively.
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Fig. 12. The apparent contours of RP2 → S2 of deg2 = 1.
Fig. 13.
Proof. The stable map h1,1 :RP2 → S2 is deﬁned by h1 = p ◦ boy, where boy :RP2 → R3 is the boy immersion of RP2 and
p :R3 \ {0} → S2 is the map deﬁned by p(x) = x|x| .
The map h1,1 :RP2 → S2 is constructed by the following way. Divide RP2 into three parts; a Möbius band M˜ , an
annulus A and a disk D . Deﬁne M˜ → R3, A → R3, and h1,1|D : D → S2 by Figs. 13, 14, and 15(b) respectively. By sticking
the boundary of M˜ to the boundary of A along the solid line in Figs. 13 and 14, we obtain a stable map φ :M →R3 where M
is a surface homeomorphic to Möbius band. Then, we deﬁne a stable map h1,1|M by ι ◦ π ◦ φ :M → S2, where π :R3 →R2
is deﬁned by π(x1, x2, x3) = (x1, x2) and ι :R2 → R2 ∪ {∞} = S2 is the inclusion (Fig. 15(a)). Note that S(h1,1|M) is the
center line of the Möbius band M . By sticking the boundary of D2 to the boundary of M along the dotted line (Fig. 15), we
obtain the desired stable map h1,1 :RP2 → S2. 
Modulo two degree one stable maps h1,3 : F3 → S2 and h1,4 : F4 → S2 whose contours are in Figs. 17(a) and 18(a) are
also constructed by the similar procedure as h1,1 respectively. The procedure of h1,1 can be applied to constructing stable
maps F g → S2 whose contours are in Figs. 12(c), 16(c), 20(b) and (c), 21(b), and 22(b) respectively.
A modulo two degree one stable map h1,2 : F2 → S2 whose contour is in Fig. 16(a) is also obtained by the similar
procedure as f1,1. We can also construct a stable map F2 → S2 whose contour is in Fig. 16(b) as well as the case of a stable
map whose contour is in Fig. 2(b).
For each integer g , by attaching pairs of handles to h1,1, h1,2, h1,3 and h1,4 inductively as well as the case of fd,g , we
obtain a modulo two degree one stable map h1,g : F g → S2 whose contour is irreducible with m(h1,g) = 1. Note that the
pair (c,n) for the modulo two degree one stable maps h1,g : F g → S2 is one of the items below:
(c,n) =
{
(1, (g + 5)/2) if g is odd,
(0, (g + 6)/2) if g is even.
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Fig. 15.
Fig. 16. The apparent contours of F2 → S2 of deg2 = 1.
The stable map RP2 → S2 whose contour is in Fig. 12(d) is obtained by attaching a cover to the stable map RP2 → S2
whose contour is in Fig. 19(a). The stable maps F g → S2 whose contours are in Figs. 19(b), 16(d) and (e), 18(b), 19(c),
and 20(c) and (d) are also constructed by the similar way respectively.
2400 A. Kamenosono, T. Yamamoto / Topology and its Applications 156 (2009) 2390–2405Fig. 17. The apparent contours of F3 → S2 of deg2 = 1.
Fig. 18. The apparent contours of F4 → S2 of deg2 = 1.
Fig. 19. The apparent contours of RP2 → S2 of deg2 = 0.
Fig. 20. The apparent contours of F2 → S2 of deg2 = 0.
Fig. 21. The apparent contours of F3 → S2 of deg2 = 0.
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Then, by attaching pairs of handles to he1, h
e
2 and h
e
3 as well as the case of fd,g inductively, we obtain a modulo two
degree zero stable map heg : F g → S2 whose contour is irreducible with m(heg) = 2 respectively. Note that the pair (c,n) for
γ (heg) is one of the items below:
(c,n) =
{
(1, (g + 7)/2) if g is odd,
(0, (g + 8)/2) if g is even and g/2 is odd.
The stable map F3 → S2 whose contour is in Fig. 17(b) is obtained by attaching a handle to the stable map RP2 → S2
whose contour is in Fig. 12(a). This can be applied to constructing the stable maps F g → S2 whose contours are in Figs. 17(c)
and (d), 18(c) and (d), 21(c) and (d), and 22(c) respectively.
A stable map RP2 → S2 whose contour is in Fig. 19(d) is obtained by RP2 → R2 ↪→ S2, where RP2 → R2 is the stable
map whose contour is in Fig. 2 in [7] and R2 ↪→R2 ∪ {∞} = S2 is the inclusion.
Stable maps qg : F g → R2 whose contours are minimal were obtained in [7], see Theorem 1.1. For each g  1, deﬁne
h0,g : F g → S2 by h0,g = ι ◦ qg , where ι denotes the inclusion ι :R2 ↪→R2 ∪ {∞} = S2. The map h0,g is a modulo two degree
zero stable map whose contour is irreducible with m(h0,g) = 0. The pair (c,n) for the contour γ (h0,g) is one of the items
below:
(c,n) =
{
(0, (g + 4)/2) if g is even and g/2 is even,
(2, (g + 2)/2) if g is even and g/2 is odd,
(3, (g + 1)/2) if g is odd.
4. Proof of Theorems 1.3 and 1.5
In this section, assume g  1 and d 0.
Proof of Theorem 1.3. Let us consider a degree d stable map Σg → S2 whose contour is irreducible. This proof consists of
four cases: (1) d  g and d ≡ g (mod 2), (2) d < g and d ≡ g (mod 2), (3) d  g (for (1), (2) and (3), assume d = 0) and
(4) d = 0.
Case (1): By (2.1), we obtain the following inequality for the contour of a degree d stable map f :Σg → S2 whose contour
is irreducible:
d + g  g +m( f ) = (N+ − N−) + c
2
. (4.1)
If γ ( f ) has a node, then by Lemma 2.5, N+  d+ g+1− c2 : c+n d+ g+2+ c2  d+ g+2. If γ ( f ) has no nodes, by (4.1),
c  2(g + d). Note that if d 1, then 2(d + g) d + g + 2. Thus, for the contour γ ( f ), we have
c + n d + g + 2.
Hence, the contour γ ( fd,g) is minimal for each pair (d, g) satisfying 1 d g and d ≡ g (mod 2).
By Lemmas 2.6 and 2.7, the shape of a minimal contours of a degree d C∞ map Σg → S2 is unique unless (g,d) = (1,1).
Case (2): We introduce the following lemma.
Lemma 4.1. Let f :Σg → S2 be a degree d stable map whose contour is irreducible. If the number (g − d) is odd, then the contour
γ ( f ) has at least two cusps.
Proof. To prove the lemma, apply a result of Quine [8]: for a stable map f :M → N between oriented surfaces, we have
χ(M) − 2χ(M−) +
∑
qk: cusp
sign(qk) = deg f
(
χ(N)
)
,
where M− denotes the closure of the set of regular points whose neighborhoods are orientation reversed by f , and
sign(qk) = ±1 the sign of a cusp qk , see [8] for details.
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χ(Σg) − 2χ
(
(Σg)−
)+ ∑
qk: cusp
sign(qk) = 2d.
Note that (Σg)− is homeomorphic to Σg−λ with one hole where λ = 0, . . . , g . Then,
2g − 4λ +
∑
qk: cusp
sign(qk) = 2d.
If γ ( f ) has no cusps, then
λ = g − d
2
.
It is contradiction. Note that by a classical result of Thom, the number of cusps for γ ( f ) is an even number. 
By the above lemma and the similar argument as the case (1), we can show γ ( fd,g) is minimal for each pair (d, g)
satisfying 1 d < g and d ≡ g (mod 2).
Case (3): We introduce the following lemma.
Lemma 4.2. Let f :Σg → S2 be a degree d stable map whose contour is irreducible. Then, the contour γ ( f ) has at least 2(d − g)
cusps.
Proof. To prove the lemma, apply a result of Demoto [1]: for a stable map f :Σg → S2 whose fold curve is connected, we
have ∣∣∣∣ ∑
qk: cusp
sign(qk) − 2deg f
∣∣∣∣ 2− χ(Σg),
where sign(qk) = ±1 denotes the sign of a cusp qk , see [1] for details.
Apply our situation to the Demoto’s formula:
2(d − g)
∑
qk: cusp
sign(qk) 2(d + g).
The result follows immediately. 
By using the above lemma and the similar argument as the case (1), we can show that the contour γ ( fd,g) is minimal
for each pair (d, g) satisfying d g  1.
Case (4): To prove that the contour γ ( f0,g) is minimal, we introduce the following proposition.
Proposition 4.3. Let f :Σg → S2 be a degree zero stable map whose contour is irreducible. If m( f ) = 0, the number c + n for γ ( f )
is greater than that for γ ( f0,g).
Proof. By (2.1), we obtain the following inequality for the contour of a degree zero stable map f :Σg → S2 whose contour
is irreducible with m( f ) = 0.
g + 2 g +m( f ) = (N+ − N−) + c
2
. (4.2)
Assume g is an odd number. By Lemmas 2.5 and 4.1, and (4.2), if γ ( f ) has a node, then N+  g + 3 − c2 : c + n 
g + 4 + c2  g + 4. If f has no nodes, then by (4.2), c  2g + 4. Note that 2g + 4  g + 4  g + 3. We ﬁnish proving
Proposition 4.3 for the case that g is odd.
We can also prove the case that g is an even number as well. 
Hence, the contour γ ( f0,g) is minimal.
Thus, we have completed the proof of Theorem 1.3. 
The proof of Theorem 1.3 shows the following corollary.
Corollary 4.4. Let f :Σg → S2 be a stable map whose contour is minimal. Then:
(1) If the contour γ ( f ) has a node, then it has only one negative node.
(2) The degree of f is equal to the number m( f ).
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(i) d2 = 1 and (ii) d2 = 0.
Case (i): By (2.1), we obtain the following inequality for the contour of a modulo two degree one stable map h :RP2 → S2
whose contour is irreducible:
3 1+ 2m(h) = 2(N+ − N−) + c. (4.3)
If γ (h) has a node, then by Lemma 2.5, N+  1+ 3−c2 : c + n 2+ 3+c2  4. If γ (h) has no nodes, then c  3 by (4.3). Thus,
for γ (h), we have
c + n 3.
Hence, γ (h1,1) is minimal.
We can show that the contours γ (h1,g) are minimal as well as the case of γ (h1,1). The proof is omitted here.
By Lemmas 2.6 and 2.7, the shape of the minimal contour of a modulo two degree one C∞ map F g → S2 is unique
unless g = 2.
Case (ii): To prove that γ (h0,g) is minimal, we introduce the following proposition.
Proposition 4.5. Let h : F g → S2 be a modulo two degree zero stable map whose contour is irreducible. If m(h) = 0, then the number
c + n for γ (h) is greater than that for γ (h0,g).
Proposition 4.5 is proved by the similar way as Proposition 4.3. We omit the proof here.
By Proposition 4.5, the contour γ (h0,g) is minimal.
Thus, we have completed the proof of Theorem 1.5. 
The proof of Theorem 1.5 shows the following corollary.
Corollary 4.6. Let h : F g → S2 be a stable map whose contour is minimal. Then:
(1) If the contour γ (h) has a node, then it has only one negative node.
(2) The modulo two degree of h is equal to the number m(h).
5. The number of cusps
In [7], Pignoni introduced the notion of an essential contour of a C∞ map M → N between surfaces: Let ϕ0 :M → N be
a C∞ map between surfaces and ϕ :M → N a stable map. The apparent contour γ (ϕ) is called an essential contour of ϕ0 if
the pair (c(ϕ),n(ϕ)) is the smallest with respect to the lexicographic order among the stable maps which are homotopic
to ϕ0 and whose contours are irreducible.
For each g and each d 0, the apparent contour of the stable map fd,g :Σg → S2 which was constructed in Section 2 is
essential. Thus, we obtain the following theorem.
Theorem 5.1. Let f :Σg → S2 be a degree d stable map whose contour is irreducible where g  1 and d 0.
(1) If (d, g) = (1,2) or g = 1, then the contour γ ( f ) is minimal if and only if it is essential.
(2) Assume (d, g) = (1,2) or g = 1. If γ ( f ) is essential, then it is minimal.
(3) The number of cusps for an essential contour of a degree d C∞ map Σg → S2 is one of the items below:
c =
{2(d − g) if d g,
2 if d g and d ≡ g mod 2,
0 if d g and d ≡ g mod 2.
Note that the minimal contour of a degree one stable map T 2 → S2 whose contour is in Fig. 2(b) is not essential. Remark
that the contour of a C∞ map Σg →R2 is minimal if and only if it is essential, see [6] for details.
Theorem 5.2. Let h : F g → S2 be a modulo two degree zero stable map whose contour is irreducible.
(1) Assume g/2 is even. The contour γ (h) is essential if and only if it is minimal.
(2) Assume g/2 is not even. If γ (h) is essential (or minimal), then it is not minimal (respectively essential).
(3) The number of cusps for an essential contour of a modulo two degree zero C∞ map Fg → S2 is one of the items below:
c =
{
1 if g is an odd number,
0 if g is an even number.
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Proof. For each g satisfying g/2 is an even number, the contour γ (h0,g) in Section 2 is minimal and essential. We consider
the other case; g/2 is not even.
Fig. 19(b) shows the contour of a modulo two degree zero stable map he1 :RP
2 → S2 with m(he1) = 2. The contour γ (he1)
is irreducible and has one negative node, three positive nodes and one cusp: c + n = 5. The number of cusps for γ (he1) is
smaller than that of γ (h0,1). Let us prove that the contour γ (he1) is essential.
By (2.1), for the contour of a stable map h :RP2 → S2 whose contour is irreducible, we have
1 = 2(N+ − N−) + c − 2m(h). (5.1)
Assume c = 1 and put m(h) = 2s (s 0). If γ (h) has a node, then by Lemma 2.5, N+  1+m(h): c +n 3+m(h) = 3+ 2s.
When s = 1, then c+n 5. Let us prove that the number c+n for the contour of a stable map h :RP2 → S2 with m(h) = 0
whose contour is irreducible and has one cusp is greater than ﬁve. Then, by (5.1), the contour of such stable map RP2 → S2
satisﬁes N+ = N− . When N+ = N− = 1, then c +n = 3. However, by Theorem 1.5, there is no such modulo two degree zero
stable map h :RP2 → S2. Thus, the contour of a stable map h :RP2 → S2 with m(h) = 0 whose contour has exactly one
cusp satisﬁes N+ = N−  2:
c + n 5.
Hence, γ (he1) is essential.
We can prove that the contours γ (heg) are essential as well as the case of γ (h
e
1). We omit the proof here. Note that the
contour γ (heg) is not minimal if g/2 is even.
Thus, we have completed the proof of Theorem 5.2. 
Note that the contours γ (h1,g) in Section 2 are essential except g = 1. Thus, we obtain the following theorem.
Theorem 5.3. Let h : F g → S2 be a modulo two degree one stable map whose contour is irreducible.
(1) Assume g  4. The contour γ (h) is essential if and only if it is minimal.
(2) Assume g = 2 or 3. If γ (h) is essential, then γ (h) is minimal.
(3) Assume g = 1. If γ (h) is minimal (or essential), then γ (h) is not essential (respectively minimal).
(4) The number of cusps of an essential contour is one of the items below:
c =
{
1 if g is an odd number, and
0 if g is an even number.
6. Geography of the number of singularities
In this section, we study the number c + n for a stable map M → S2 whose contour is irreducible.
Fig. 2 shows the contours of degree one stable maps T 2 → S2 whose number c + n are equal to four, ﬁve and six
respectively. Note that when a homotopy of a C∞ map through the swallow-tail singularities, the number c + n increases
(or decrease) by three (Fig. 23). This shows that for each integer r  4, there is a degree one stable map T 2 → S2 whose
number c + n is equal to r.
Remark that a stable map whose contour is minimal was constructed by based on the degree one stable map f1,1. By
using the similar argument as the above, we can show the following proposition.
Proposition 6.1. Let d  0 and g  1. For each integer r greater than or equal to the number c + n for the minimal contour of a
degree d C∞ map Σg → S2 (or modulo two degree d2 C∞ map Fg → S2), there is a degree d stable map f :Σg → S2 (respectively
modulo two degree d2 stable map h : F g → S2) whose contour is irreducible and satisﬁes c + n = r.
We omit the proof of Proposition 6.1 here.
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Remark that Demoto [1] studied the number of C∞ right–left equivalence classes of stable maps S2 → S2 whose contours
are minimal. Thus, we pose the following problem.
Problem 7.1. Let M be a closed surface. Let us study the number of C∞ right–left equivalence classes of stable maps M → S2
whose contours are minimal.
Furthermore, we pose the following problem.
Problem 7.2. Let us study a minimal contour of a C∞ map M → N between surfaces.
A minimal contour of a Σg → T 2 was recently studied by the second author [13]. In [13], for the contour of a stable map
M → Σh of closed surface M into an orientable and closed surface Σh , the similarly type formula as (2.1) was obtained.
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